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This pape r  p r e s e n t s  ana ly t ica l  so lu t ions  for  m a x i m u m  t e m p e r a t u r e  d rops ,  and g r aphs  and 
c r i t e r i a l  r e l a t i onsh ips  for  the d e t e r m i n a t i o n  of  m a x i m u m  the rma l  s t r e s s e s  in heated cy l in -  
d e r s  with init ial  radia l  t e m p e r a t u r e  va r i a t ion .  

T h e r m a l  s t r e s s e s  a re  one o f  the main  l imi ta t ions  to the ra te  of  heat ing of  me ta l s  in fu rnaces .  It  
has  p r e v i o u s l y  been  shown [1], that  when  sol ids  a re  heated some t ime e l apses  before  the m a x i m u m  t e m -  
p e r a t u r e  d i f f e r ences  o c c u r  o v e r  sec t ion  of the solid.  A c c o r d i n g  to m a j o r i t y  of  au thors  [2, 3] the m a x i m u m  
t h e r m a l  s t r e s s e s  o c c u r  when the t e m p e r a t u r e  d i f f e r ences  a r e  m a x i m u m .  The volume of m a t e r i a l  with this 
m a x i m u m  s t r e s s  is then the p a r a m e t e r  which l imi t s  i ts  ra t io  o[  heating.  

It  is  t h e r e f o r e  of  i n t e r e s t  to d e t e r m i n e  the magni tude  of  the m a x i m u m  t e m p e r a t u r e  d i f fe rence  fo r  
v a r i o u s  bea t ing  condi t ions  and the t ime taken to es tab l i sh  this  d i f fe rence .  

The p r e s e n t  au tho r s  have inves t iga ted  the heat ing of  an infinite cy l inder  with a cons tant  ambien t  
t e m p e r a t u r e  which case  is f requent ly  encoun te red  in f u r n a c e s  in s teel  mi l l s .  

In this ca se  the t e m p e r a t u r e  d i f fe rence  be tween the su r face  and axis  of  the cy l inder  of infinite length 
is given by [2] 

At -- Z 2J 1 (~t~) - -  [1 - -  J0 (~t,) ] 
J0(~)+J, (.~)] tfurn_ - to ~q [ 2 2 

n = l  

The t ime at which the m a x i m u m  t e m p e r a t u r e  d i f f e rence  o c c u r s  is given by 

0 ( At a 2 [1 - -  Jo'(~t,,) ] exp = 0, 

(1) 

(2) 

w h e r e  

2J,. (~tr,) 
tx ~ [ j02 (bin)_ ~. j2 (IX~)] �9 

If  only the f i r s t  two t e r m s  of  equat ion a r e  taken,  a s i m p l e r  equat ion is obtained 
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Fig. 1. Relative maximum temperature difference ( ~ t m / ( t f u r n - t  ~ 
versus  Blot and Four ier  numbers.  

Fig. 2. Four ier  number at maximum temperature  drop over solid sec-  
tion (Fo) At m versus  Blot number (Bi) and relative initial temperature 
difference (At0/(t!fur n- t~) ) .  Numbers near  curves are values of At 0 
/(if  urn --t~). 

when 

a , )  1 .]B~ [So ( ~ 0 - 1 ]  
~t2 _ ~-------~ In 

~ atrn- , 2 ~tIB~[1--Jo(l~,) ] (3) 

Equation (3) gives the value of ~ at which the temperature  difference Atm is a maximum for the given 
condition. 

Substitution of the f i rs t  value of (az/R2)At m into equation (1) allows calculation of the maximum tem- 
perature differences occurring when the cylinder is heated 

n=2  

Atra--(tfum-to) Z B ~ [ t - - J o ( ~ . ) ] e x p [ - - ~ t : ( ~ ) ~ t m  ) �9 
n ~ l  

(4) 

The solution obtained is presented graphically (Fig. 1) in the form (&tm/(tfurn-t0))  = f [Bi, (Fo)Atm]. 

A s imilar  relationship can be obtained when there is an initial temperature difference at the s tar t  
of heating of the cylinder of infinite length. 

In this case 

ts= tfum+ (t~--tfurn) ~_~ Aflo (~)exp (-- ~Fo) 
r t~ l  

~o 

-- At. ~ B~J o (~1 exp (-- ~ Fo), 

" 2 t,ax ~ tfum-/- (t~ -- tfurn ) ~  A~ exp (-- ~t~Fo)--Ato B,~ exp (-- ~Fo), 

(5) 

(6) 

where 

A~ = 4J 2 (~t~) 
~: [ J'o(~.) + J~ (~.)] ' 
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Fig. 3. Relative max imum temperature  drop in solid (Atm/(tfurn 
--t~)) versus  Blot number  (Bt) and rela t ive initial temperature  
difference (At0/( tfurn-t~)L Numbers near curves are values of 
At0/(t furn " t~) .  

Fig. 4. Functions ~ ,  ~ ,  ~ versus  Blot and Four ier  numbers  
(Bi, Fo). 

o~ 

At r Z A,~ [1 --  Jo (,n)] exp (-- ,~Fo) �9 .o ~- 
tfum-- P n=l 

q- At~ Z tfurn-- t ~ B. [1 --do (..)] exp(--,~Fo). 

To obtain (Fo) Atm the f i rs t  value of equation (7) is found 
: v  

a 
~-T (At) - - ( t ; - - t f u r n ) ~ Z . n A ~  [ 1 -  Jo("n)] exp ( .~Fo)  

a :  1 
r 

-- At~ Z .~B~ [1 --  Jo ("~)] exp (-- .IFo) = 0 

or  taking only the f i rs t  two te rms  

{(t; -- tfurn ) ,~A I [I -- Jo (.,)] exp ( -- .~Fo) + ((;-- tfum) .~A 2 [l 

-- Jo ("2)] exp (-- .~Fo)} = {A/o~t{B , [l -- Jo ("0] exp (-- .~Fo) 

q- Ato,~B 2 [1 " J o  ("2)] exp (-- .~Fo)} 

when 

X In 

(Fo) ar -- 

~A~ [1 - -  So(.O] + 

.~Au [Jo (~2)-  1] + 

1 

Ato o ~B, [1-- So (~,)] 
/furn-- t___ p 

At~ ,o ~B~ [I-- do (~)] 
t rum-- op 

(7) 

(8) 
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or  

Using (8) gives the maximum temperature  difference f rom (7). Then 

n = 2  tfu~--~t~'At" ~= E.=, A. [1 J~ (~.)1 ~xp (-- ~ (Fo) ~,~) 

n ~ 2  

At~ Z ~ - - o  B~ [I --Jo (~)] e x p ( -  .~ (Foh,~,) 
tfum---t p 

Arm ( A/~ " Bi; Foatm). 
tfurn--- t~ = t \tfurn - t~' 

(9) 

Equations (8) and (9) are presented graphically (Figs. 2, 3). 

These equations can be used to calculate the maximum thermal s t ress  occurr ing during heating of 
the cylinder.  

To do so in practical  cases of metal heating it is necessary  only to evaluate, s t r e s ses  at the surface 
and on axis of the specimen since these are the maximum s t resses  [2]. 

If the initial temperature  t o of the solid is uniform over its section, and the temperature  of the ambient 
medium is t furn  = const for the whole of the heating process ,  then for the calculation of the radial ~r r , tan-  
gential ~0, and axial ~z s t r e s ses  the following slightly changed equations are used [2] 

o ~ Og=l__4 .  - -  
Cn --~c Z-2 J, 0%) --  exp (-- ~Fo), (10) 

BE at Z ~" [2s, (~.) -- ~.Jo (~.)] exp (-- ~Fo), (11) 
tZ~ 1 

o fiE At %= 1--v r162 ~-~G"[2J'(~t")--~t"]exp(--~]F~ (12) 

where 

2 J, (~.) 

Calculations of the s t r e s ses  have been made for cases in which the initial temperature differences 
along the infinite cylinder are known. 

For such infinite cyl inders the thermal s t resses  can generally be described [2] by the following equa- 

BE {1 7 17 
~ - T "  ) '  

BE ~--#-t , ~ ) 
~E (:--0 

G z ~ -  _ . l--v 

tions 

The values of ~ and t'r were obtained f i rs t  for the eases  being considered 

R 

i= ~ trdr = 

0 

2 r 

0 n = l  n = l  

(I 3) 

(14) 

( 1 5 )  

where the integral is in the form of ~ xJ0(ax)dx = (1/a)xJ 1 (ax) + const [4]. 
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By iteration 

t---tfum "~-~A2_JI(~,,) exp(_~t2Fo ) 
toZ~_ t7  - =  P furn ~ P'n 

&t~ ~ 2J1 ([~") exp (-- ~Fo) 

is obtained. Then by analogy 

= -~ trdz = tfum+ (t ~ -- t fur n ) 2A. 
0 n= l  

r~t. exp (-- ~Fo) 

- - A t  o ~ ~ 2B~ - -  e x p  ( - -  ~n2FO). 

Substituting the values of~ and ~r into Equation (13) further iteration gives 

where 

oc 

--Ato Z 
n ~ l  

r 2 

M. = ~ �9 4 (~.) + J] (~.) 

The radial s t ress  at the cylinder surface (r/R = 1) 

o n = 0.  
t" 

The radial s t ress  at the cylinder axis (r/R = 0) 

Substitution of (16) and (17) into Equation (14) and iteration gives 

% =  [~E 

n ~ l  

r 2 ~ /" 

The tangential stress at the surface (r/R = I) and on the axis (r/R = O) of the cylinder are given by 

crP= ~ { ( t~- - t fum)~G,~  [2J~ ( ~ ) -  ~Jo (l-tn)] exp (-- ~2Fo) 
n ~ l  

(16) 

(17) 

(18)  

(19) 

(20) 
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n~l 

~e 

.'1.=1 

r }. 

(21) 

(22) 

Substitution of (16) and (17) into Equation (15) gives equation for the axial s t r e s s  at the surface and on 
the axis of the cylinder 

n ~ l  

o~ 

(~z= 1 - - V  
n = l  

o~ 

The preceding equations can also be given in nondimensional form 

(23) 

(24) 

~E(t~ ) -  [JE(t~ )=fl -~' -~7 t~__tfum ' k~ '  , 

o~ ( 1 - -  ~) .~ ( 1 _ 2 ) )  a~ 

a t _ _ _ _ _ ~ o  ~ ,  [ a ~ . .  

N~(~_tfud)=L ~ ;  - - t 0 ~  ap_fum ~ ;  

(2 5) 

If the f i r s t  o rder  solution of the above equation is  presented graphically ([2]) then the second being 
of the form ~n (a'r/R2; aR/X; r /R)  can also be represen ted  graphically (Fig. 4) which is convenient for 
pract ical  use. 

The above equations for the s t r e s s  in a cylinder can be wri t ten as functions of tempera ture  d i f fer-  
Equation (25) then becomes  

a~ --v) _ 
~E At o 

(~(1 --v) _ 
[~EAto 

o o ( 1 - v )  

~EAto 

ence. 

.o(~ _ ~)l~E ato r162 1 (a~ ; ~ )  _ ~ (a~ ; ~ )  , 

an( l - -v)  r162 (a~ ~R\~_) (a~ ~ )  
~Eat ~ o o [~ ; _ cp~ , , (26) 

where 

to__ tfu m 
t~-- tfum, r : to --  tfurn r176 n = to__ tfu m 
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Substitution of the maximum temperature difference Atm into (26) allows calculation of the maximum 
possible thermal s t ress  for the part icular  heating condition, being considered. 

At = i s - t a x  
s 

to 
i f  urn 
a 

T 

J1, J~ 
Pn 
Bi 
Fo 

(Fo) At m 

At o 
J~. (~n) 

V 

7 

NOTATION 

temperature difference between surface and cylinder axis, ~ 
radius of cylinder, m; 
initial temperature of solid, ~ 
temperature of furnace, ~ 
thermal diffusivity, m 2/h; 
heating time, h; 
Bessel functions of the f i rs t  and zeroth orders;  
roots of character is t ic  equation ~J1 (~) = Bi J0 (~); 
Biot number; 
Fourier  number; 
Fourier  number at maximum temperature difference; 
tempera ture  of cylinder surface at initial heating time-moment, ~ 
initial temperature difference over solid section, ~ 
Bessel functions of the second order;  
l inear expansion coefficient; 
Poisson ratio; 
mean temperature over cylinder section, ~ 
mean temperature over a portion of cylinder section bounded with coordinate r,  ~ 

1. 

2 ,  

3. 
4. 
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